The analytic computation of electric and magnetic fields near corners and edges is important in many applications related to science and engineering. However, such complicated situations are hard to deal with, since they accumulate charges and consequently they mathematically represent singularities. In order to model this singular behavior, we introduce a novel method, which is related to the geometry and the analysis of the ellipsoidal coordinate system. Indeed, adopting the benefits of the corresponding coordinate surfaces, we use a general non-circular double cone, being the asymptote of a two-sided hyperboloid of two sheets with elliptic cross section, which matches almost perfectly the particular physics and captures the corresponding essential features in a fully three-dimensional fashion. To this end, our analytical technique employs the ellipsoidal geometry and adapts the ellipsoidal functions (solutions of the well-known Lamé equation) so as to construct a new set of the so-called elliptic cross-sectional hyperboloidal harmonics, supplemented by the appropriate orthogonality rules on every constant coordinate surface. By first recollecting the key results of the coordinate system and the related potential functions, including the indispensable orthogonality results, we demonstrate our method to the solution of two boundary value problems in electrostatics. Both refer to a non-penetrable two-hyperboloid of elliptic cross section and its double-cone limit, the first one being charged and the second one scattering off a plane wave. Closed form expressions are derived for the related fields, while the already known formulae from the literature are readily recovered, all cases being followed by the appropriate numerical implementation. Published by AIP Publishing. [http://dx
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I. INTRODUCTION
The behavior of electromagnetic fields near corners, edges, and points provides an important knowledge in a number of significant scientific and technical applications. 1 For instance, when modeling the electrostatic problem around a conductor, the potential is assumed to be constant on the conductor, and the electric field around the conductor is perpendicular to the boundary. However, near a singular point, let us say a corner, the field is perpendicular on all sides leading to an abrupt change of the normal direction. This results to an infinite force on an infinitesimal part of the conductor. Similar problems appear in cases of non-convex edges and points, where in the presence of singularities, the solution fields have no square integrable gradients. However, in practice, there does not exist physical objects that have a perfect corner or edge, since there is always some degree of roundness. In addition, at those locations where the fields become extremely high, other phenomena a) Author to whom correspondence should be addressed. occur simultaneously, which play a crucial role to the limiting values of the field. Hence, the reasons that give this maximum value are not at all trivial. Most methods to characterize singular fields involve different analytical, variational, and numerical techniques. In particular, the method of separation of variables in combination with the MehlerFock index transform has been used for the study of electromagnetic fields near boundaries having the hyperboloidal shape. 2, 3 Recently, in Ref. 4 , two of the authors of the present article applied another straightforward method based on the separation of variables in the spheroidal system of coordinates. Therein, two cases were investigated, the first one where both the two sheets of a perfectly conducting hyperboloid form an electrical boundary and, on the other hand, the case involving only one of the sheets of the hyperboloid, being thus a model of a cone-shaped needle, the apex of which is not perfectly sharp. 5 Unlike the first problem, the latter one is not confocal for the electric potential because only one of the two sheets of the hyperboloid of circular cross section forms an electrically conducting boundary, on which the potential is constant. In consequence, ordinary spherical harmonics cannot be used in the solution of this problem. Nevertheless, the boundary condition of constant potential will enforce a solution in terms of the order of the related Legendre function, which therefore plays the role of an eigenvalue parameter. In the literature, such special kind of harmonic functions, being of a non-integer order and confined to a circular segment of a sphere, are called "spherical cap-harmonics."
In the present paper, field solutions for non-circular hyperboloids (having in general an elliptic cross section) are investigated by means of the ellipsoidal system of coordinates. 6, 7 The ellipsoidal system of coordinates is the most general coordinate system with second degree coordinate surfaces, in which the Laplace equation is separable. 6 Consequently, the ellipsoidal shape has been considered in various applications involving electromagnetism, scattering theory, fluid mechanics, geodesy, and other physical subjects (see, e.g., Ref. 6 and the wealth of references therein). However, the ellipsoidal system could as well be called the hyperboloidal system of coordinates, as it is generated by a set of hyperboloids of one and two sheets intersecting each other, as well as the ellipsoidal surfaces orthogonally. To this end, the system of ellipsoidal harmonics and their relation to the hyperboloidal harmonics are first discussed. Because this system is symmetric, it leads to the same Lamé differential equation for each one of three coordinate variables. A similar solution is mutatis mutandis applicable to the hyperboloidal geometry as well. Until now, though, the hyperboloid as a physical model itself has received a very limited attention, see, for example, Refs. 2 and 8. Partly, as in the case of the ellipsoidal coordinate surface of the general two-hyperboloid with an elliptic cross section, this is due to the lack of theoretical preliminaries, a crucial part of which we provide in this article.
There are two kinds of hyperboloids, viz., hyperboloids of one and two sheets. In the following, the attention is focused especially on hyperboloids of two distinct sheets, the so-called two-hyperboloids. Having introduced the hyperboloidal harmonics and demonstrated the orthogonality of them on the surface of a hyperboloid, the theory is next applied to solve basic boundary value problems of electrostatics, such as the problem for the electric potential on a hyperboloid of two sheets. The electric potential generated by a conducting two-hyperboloid having an elliptic cross section, the two sheets oppositely charged, is given analytically in terms of a set of hyperboloidal harmonics composed of Lamé functions of the first kind and given through standard elliptic integrals. 9 Moreover, in this application, the charge and the capacitance are provided for completeness, while the degenerate case of a two-hyperboloid with circular cross section is obtained and the discussion about how to reach the results for a double cone of either elliptic or circular cross section is being carried out. Also considered is the case of a conducting hyperboloid subject to a transversal low-frequency electromagnetic plane wave field, where both the electric and magnetic problems are presented in terms of the new-defined ellipsoidal-hyperboloidal functions. Contrary to the first application, we provide a brief analysis about the special limit where the two-hyperboloid of a circular cross section is approached, while our attention is mainly focused on the degenerate case where our results are reduced from the twohyperboloidal of elliptic cross-sectional geometry to the double-cone of the circular cross section. Therein, the obtained formulae are given in terms of the associated Legendre functions 10 and are readily recovered from the initial solution in ellipsoidal coordinates, whereas in accordance with the known results from the literature is readily achieved. Such applications can also be found in Refs. 11 and 12.
The paper is organized as follows. In Section II, the geometrical characteristics of the system of ellipsoids and hyperboloids are provided via an analytic mathematical formulation. Some very useful information concerning the geometrical degeneration of the two-hyperboloid of elliptic cross section to the corresponding non-circular double cone, which is of physical interest in the present investigation is also included in Section II. In Section III, the main results of the manuscript, which concern the hyperboloidal harmonics of elliptic cross section and their orthogonality properties are introduced, where the difficulties at each step of the calculations are demonstrated and discussed in details. Moreover, in order to supplement this paper with an analytic application of our generalized method, we invoke Section IV, which is concerned with two basic applications. The first one deals with a perfectly conducting charged two-hyperboloid of non-circular cross section and the second one refers to a non-circular metal two-hyperboloid subject to an incident electric and magnetic plane wave excitation, operating at low frequencies. 13 The analytical results include plots that depict the variation of the electrostatic potential and electric field between the two sheets of a two-hyperboloid of non-circular cross section and its geometric limits for the two different cases mentioned above. A detailed outline of our work and future steps follows in Section V.
II. GEOMETRICAL CHARACTERISTICS FOR THE SYSTEM OF ELLIPSOIDS AND HYPERBOLOIDS
The aforementioned combined system of ellipsoidal-hyperboloidal coordinates is determined by the generating triaxial ellipsoid, depicted in Figure 1 (a),
for each variable x ≡ ρ, µ, ν, where prime denotes the derivation with respect to the argument and B is the second separation constant to be determined. Solutions of (17) are the Lamé functions of the first kind E = E n (x) for n ≥ 0, whereas a detailed analysis of Equation (17) leads to closed form solutions, which belong to four different classes known as Lamé classes K, L, M, and N (see Ref. 6) . The solutions that belong to each class are being structured as follows:
Class K/ n 2 + 1(n : even) and n + 1 2 (n : odd):
Class L/ n 2 (n : even) and
Class M/ n 2 (n : even) and n + 1 2 (n : odd):
and Class N/ n 2 (n : even) and n − 1 2 (n :
providing a total of 2n + 1 independent solutions for every n ≥ 0 (even or odd), where
is a polynomial in x = ρ, µ, ν, where the n 2 + 1 (if n is even) and the n+1 2 (if n is odd) constant coefficients are determined so that each function of (18)-(21) satisfies the Lamé equation (17). These functions are adequate to provide us with the fundamental tools for developing the appropriate theory for the elliptic cross-sectional hyperboloid harmonics. We denote the Lamé functions of degree n = 0, 1, . . . and order m = 1, 2, . . ., 2n + 1 by E m n = E m n (x) for x = ρ, µ, ν, which are not bounded at infinity with the exception of E 1 0 = 1, being regular everywhere, yielding the so-called solutions of the first kind. Aiming to demonstrate this notation, we give an example of the original class of each E m n for n ≤ 3 (degree of well-known closed formulae 6 ) and m = 1, 2, . . ., 2n + 1. Up to that degree, class K contains six functions, i.e., , respectively, while class N provides two more functions, E 5 2 and E 7 3 , in sum, 6 + 4 + 4 + 2 = 16 Lamé functions. It is also known 6 that all the roots of the Lamé functions are real, unequal, and belong to the interval [h 2 , h 2 ], where the polynomial part of (18)- (21) does not vanish for x = ±h 3 and x = ±h 2 . The second set of linearly independent functions, regular at infinity, is given by
for every n ≥ 0 and m = 1, 2, ..., 2n + 1, (23) which stand for the corresponding solutions of the second kind. Herein, x c is appropriately chosen depending on the kind of the boundary or limiting conditions enforced by the corresponding physical problem, whilst the absolute values within the dominator of the expression of integrand (23) are handled accordingly. We aim at constructing effective mathematical tools for solving physical problems, using solutions of Laplace's equation (16) 
for ρ ∈ [h 2 , +∞), µ ∈ [h 3 , h 2 ], and ν ∈ [=h 3 , h 3 ], where A m n,e and B m n,e for n ≥ 0 and m = 1, 2, . . ., 2n + 1 are the unknown constant coefficients to be fixed by the auxiliary conditions of each specific problem, including vanishing of the non-regular parts as the case might be. Now, let us consider a fixed ellipsoidal surface for ρ = ρ s ∈ (h 2 , +∞). The corresponding complete orthogonal set,
forms the surface ellipsoidal harmonics on the ellipsoid ρ = ρ s , enjoying the orthogonality relation
for n ≥ 0, m = 1, 2, . . ., 2n + 1 and n ≥ 0, m = 1, 2, . . ., 2n + 1, where the δ-symbol is the kronecker delta, while the ellipsoidal normalization constants read as
for n ≥ 0 and m = 1, 2, ..., 2n + 1,
the integration range extending over µ ∈ [h 3 , h 2 ] and ν ∈ [−h 3 , h 3 ]. Similarly, taking under consideration the remaining coordinate surfaces and wishing to deal with boundary value problems involving hyperboloids of elliptic cross section, we proceed to the one-hyperboloid case. Seeking for the appropriate regular harmonic solutions for this situation, we utilize definitions (18)-(23), observing that the eigenfunctions, (22) and for every value of n ≥ 0 and m = 1, 2, . . ., 2n + 1. Consequently, any harmonic potential u 1h , which is the solution of (16) for a general one-hyperboloid, may be expressed in the same basic form as previously via for n ≥ 0 and m = 1, 2, . . ., 2n + 1 denote the undetermined constant coefficients that can be readily evaluated upon the introduction of a specific boundary values, eliminating the unnecessary parts of the expansion accordingly.
Again, we assume a prescribed point at µ = µ s ∈ (h 3 , h 2 ), which specifies the particular surface of the hyperboloid of one sheet. Then, as far as the orthogonality property of the corresponding surface harmonics,
is concerned, we observe that the only difficulty here is that the surface area of the one-hyperboloid at µ = µ s is unbounded, unlike that of the ellipsoid, which is always bounded, implying that the relevant surface integral is an improper integral. However, knowing that for large arguments ρ, the leading behavior of E m n (ρ) → ρ n , n ≥ 0 for all m = 1, 2, . . ., 2n + 1, it is easy to see that the following limit gives:
with n ≥ 0 and m = 1, 2, ..., 2n + 1,
when n = n = 0, 1, 2, . . . (note m = 1, 2, . . ., 2n + 1) and otherwise zero. In addition to that, the definite integral
unless m = m . The integral now extends over the entire one-hyperboloid, i.e., first ν runs from h 3 to h 3 along the positive branch of h 2 3 − ν 2 and then back from h 3 to h 3 along the negative branch of the same square root. This property uses the orthogonality among the Lamé functions of the same degree n ≥ 0 and order m = 1, 2, . . ., 2n + 1, as well as the different parity of the Lamé functions of the same degree but different order. Hence, we readily conclude that for the one-hyperboloid, the value of the orthogonality expression is
with ds 1h (ρ, ν) = h ρ h ν d ρdν, for every n ≥ 0, m = 1, 2, . . ., 2n + 1 and n ≥ 0, m = 1, 2, . . ., 2n + 1, which admits a similar expression to (28). Of course, the new one-hyperboloidal constants of orthonormalization are
providing all the necessary information regarding the orthogonality properties on the surface of any constant one-hyperboloid µ = µ s . Things do not differ much when we are dealing with problems, where hyperboloids of two sheets can be used to model the corresponding physics. As already mentioned, many interesting applications, e.g., in electrostatics, involve proper potential-field evaluations at edges or corners, where their complicated geometrical characteristics can be represented by a double-cone of either circular or, more general, ellipsoidal cross section, which is the limit of the corresponding twohyperboloid. Such cases demand analytic techniques to obtain the final solution in a closed form. Therefore, it is certainly necessary to introduce the implicated eigenfunctions to this case, properly chosen so as to be regular within the interval where the family of hyperboloids of two sheets is generated. Some trivial analysis based on the developed theory in between (18) for n ≥ 0 and m = 1, 2, . . ., 2n + 1 must be determined with respect to a well-defined physical problem, wherein the unnecessary terms correspond to zero values.
With respect to a fixed two-hyperboloid for ν = ν s ∈ [h 3 , 0) or ν = ν s ∈ (0, h 3 ], an orthogonality relation for the surface two-hyperboloidal harmonics,
valid on the surface of a two-hyperboloid ν = ±ν s , reads as
with ds 2h (ρ, µ) = h ρ h µ d ρd µ, for every n ≥ 0, m = 1, 2, . . ., 2n + 1 and n ≥ 0, m = 1, 2, . . ., 2n + 1. The relevant two-hyperboloidal constants of orthonormalization are
for n ≥ 0 and m = 1, 2, ..., 2n + 1.
Validity of relation (43) rests on similar arguments as given previously in connection to (34), i.e., the parity of Lamé functions of the same degree n ≥ 0 but different order m = 1, 2, . . ., 2n + 1, as well as the integral property 
The integral (46) extends over the whole two-hyperboloid, i.e., µ first runs from the point h 3 to h 2 along the positive branch of h 2 2 − µ 2 and then back from h 2 to h 3 along the negative branch of the same square root. Thus, we have gathered all knowledge relevant to the orthogonality properties on the surface of any constant two-hyperboloid for ν = ±ν s .
In summary, the presented methodology covers applications in different physical areas of science and modern technology, where ellipsoids, one-hyperboloids, or two-hyperboloids are involved, along with their asymptotic shapes. Some of these applications are rigorously demonstrated in Sec. IV.
IV. APPLICATION TO BOUNDARY VALUE PROBLEMS IN ELECTROSTATICS
In order to demonstrate the applicability of our technique, we readily use the previous analysis for each coordinate surface that fits our stated problem. In fact, we will analyze two basic problems in the main field of electrostatics, where a two-hyperboloid of elliptic cross section and its asymptote double cone can be utilized to model an electromagnetic boundary value problem.
A. A charged two-hyperboloid of non-circular cross section
One of the basic boundary value problems for hyperboloidal harmonics involves a twohyperboloid ν = ±ν 0 of elliptic cross section and perfectly conducting boundaries with the assigned potentials of u 2h = V on ν = ν 0 and u 2h = V on ν = ν 0 , also comprising the constant potentials of the metallic area |ν| > ν 0 . Let it be pointed out that, for symmetry, this is equivalent to a twohyperboloid of potential V in front of a plane surface of potential zero. Hence, the actual domain of field calculation is |ν| < ν 0 , wherein the case of a rotationally symmetric hyperboloid has been considered earlier in, e.g., Refs. 4 and 8. In this particular case, every confocal two-hyperboloid ±ν forms an equipotential surface. The x 1 = 0 plane coincides with the surface ν = 0, on which u 2h = 0, thus representing a symmetry plane of zero potential, whereas the field distribution varies with respect to ρ and µ. This symmetry requirement forces us to impose the convenient value of x c = 0 into definition (23), an ansatz to be confirmed later from the final solution.
Since the potential u 2h is a two-hyperboloidal harmonic function, which generates a divergencefree electric field, it can be expanded via (41), using notation (39), (40), and (42) as 
Thus, inserting (49) and (51) into expression (47) and taking into account (42), we arrive at
verifying that u 2h , depicted in Figure 2 , varies with respect to ν and satisfies the initial boundary value problem. Here, we justify our symmetry requirement to set conveniently x c = 0, since u 2h (0) = 0. The electric field E 2h , which is extended between the two sheets of the two-hyperboloid of non-circular cross section is given via the potential (52) by application of the gradient operator (13), i.e.,
, and ν 0 ≤ ν ≤ ν 0 , the last equality being an immediate result of (23). The charge carried by a confocal two-hyperboloid is given by a surface integral of the charge density σ 2h = ε 0ν · E 2h (ε 0 being the permittivity of the vacuum) on either sheet of the hyperboloid, that is,
where the metric coefficients (12) have been extensively used for ν = ν 0 or ν = ν 0 . The capacitance of the two-hyperboloid is finally given by the quantity Q 2h /2V 2h , where V 2h being the volume of the two-hyperboloid, cut by any confocal ellipsoid ρ = constant. Next, we observe that the total charge remains finite provided that the two sheets of the hyperboloid are cut by the ellipsoid at a finite distance P. At the edge of the hyperboloid, the fringing fields occurring along the edge are ignored. Thus, the obtained expression for the capacitance is an approximation, which is improving as the hyperboloid becomes larger. Finally, we mention that the normalized surface charge density on a two-hyperboloid of prescribed dimensions is the largest at the apex and along the upper and lower rim of the hyperboloid, where the radius of the curvature is the smallest. The behavior of the magnitude of the electric field |E 2h | from (53) at the cross section x 2 = 0 and of the absolute value of the charge density |σ 2h | in three dimensions is sketched within Figures 3 and 4 , respectively, being demonstrated for the cases of both a two-hyperboloid (see 
yielding to a potential, which results from (52), i.e.,
The electric field E 2h , the charge Q 2h , and the capacitance in this limiting case are straightforwardly calculated once (56) is implied. Moreover, as the main reference ellipsoid becomes smaller, the two-hyperboloid is approached by the corresponding asymptotic elliptical or circular double-cone. Therefore, the goal of evaluating the electric field near a corner or edge has been achieved, where obviously, for the case of a double-cone, the electric field strength and the charge density are increased at a sharper edge. Besides, it is well known 1 that the density of the charge is an increasing function of the local curvature, concentrating almost entirely on the tips.
B. A non-circular metal two-hyperboloid subject to an electric and magnetic plane wave
We continue with a slightly more complicated application and we turn to the case of a twohyperboloid of elliptic cross section, where the two sheets that are set at ν = ν 0 > 0 and ν = ν 0 behave as perfect conductors. The system is subject to constant electric E i 2h and magnetic H i 2h incident fields, which are mutually perpendicular, and also perpendicular to the direction of propagation, being the approximation of a slowly varying wave (of long wavelength compared to the dimensions of the gap of the cone) and applied transversely to the axis of the two-sided hyperboloid, that is,
and
which are designated through the primary electric potential function
and the primary magnetic potential function
respectively, written for E 
represent the kind of incidence we choose for reasons of symmetry and in order to be compatible with the interval of variation of variable ν within (59) and (60), while for ν = 0, the primary fields are assumed to attain the positive direction. The scattering region is confined by ρ ∈ [h 2 , +∞), µ ∈ [h 3 , , which are assumed to have identical expansions with that in (41). Consequently, for every (ρ, µ, ν) ∈ Ω, we obtain must be determined from the proper perfectly conducting boundary conditions on the surface of the metallic hyperboloid of two sheets at ν = ±ν 0 , i.e.,ν
in terms of the outward unit normal vectorν, whereas the tangential components of the total electric field and the normal component of the total magnetic field cancel on ν = ±ν 0 . The nature of the incident potentials (59) and (60) is inherited by the scattered ones, that is, due to orthogonality (44) and in terms of (65), the only surviving eigenfunctions are for n = 1 and m = 3, bearing in mind that coefficients A 1,u 0,2h
and A 1,w 0,2h that do not appear in (62) and (63), refer to the constant counterparts of the harmonic potentials that generate the scattered electromagnetic fields and have been arbitrarily set to zero, without losing uniqueness. Indeed, since the aforementioned fields appear under the gradient operator within (62) and (63), the relevant eigenfunctions E 1 0,2h do not contribute to the solution, hence we chose to eliminate this part without loss of generality. Therefore, we readily conclude to 
for every (ρ, µ, ν) ∈ Ω and in addition to (13) , produce the electric and the magnetic fields 
correspondingly, where the prime signifies the derivative with respect to the argument, while definitions (39), (40), and (42) have been implied. We, now, reinforce the condition for the total electric field on both the surfaces of the two-hyperboloid at ν = ±ν 0 , which by virtue of (64), giveŝ
Combining (71) with (57) and (69), as well as the fact that the ellipsoidal systemρ,ν,μ is dextral, we obtain after some straightforward calculations, based to (4) and (15),
for every ρ ∈ [h 2 , +∞) and µ ∈ [h 3 , h 2 ]. The latter one is satisfied only when the constant quantity among the braces is zero, providing us with the relation
which, by virtue of (61), offers the following two independent relations for ν = ν 0 and ν = ν 0 :
To solve system (74) and obtain the solution, we invoke the ellipsoidal functions from the class M of definitions (20) and (23), admitting
for every value of ν 0 ≤ ν ≤ ν 0 , setting x c = 0 without loss of generality, in order for relationship (74) to be easily solvable. Hence, in view of (75), conditions (74) reveal that 
from which the scattered electric field E s 2h is evaluated directly via (69), whose measure is being demonstrated in Figure 5 , while the corresponding strength of the total electric field, i.e., E t 2h is depicted within Figure 6 . In the sequel, we apply the magnetic boundary condition (65), which readŝ
where together with (15), (58), and (70), is transformed to
written as a function of the magnitude of the incident magnetic field H i 
from which the scattered magnetic field H s 2h is immediately calculated via (70). Both the electric (77) and the magnetic (85) fields require the utilization of the relative surface two-hyperboloidal harmonic eigenfunctions,
− µ 2 for every ρ ∈ [h 2 , +∞) and µ ∈ [h 3 , h 2 ] , (86) of the first degree and of the third order.
In the special case where h 2 = h 3 ≡ h, the degenerate case of a two-hyperboloid of circular cross section is obtained, where the corresponding results of the electromagnetic potentials are obtained from (77) and (85). However, the most important reduced case is that involving a double cone of circular cross section, where in addition to the restriction mentioned above, large values of the J. Math. Phys. 58, 053505 (2017) Cartesian coordinates x 1 , x 2 , and x 3 are adequate to approximate this interesting case, which by the way represent one of the coordinate surfaces in the spherical coordinate system (r, θ, ϕ) for r ≥ 0 and ϕ ∈ [0, 2π). Furthermore, the cone is defined by the surface θ = θ 0 = constant in the upper half-space and by π θ 0 in the lower half-space, where in accordance to the two-hyperboloidal problem, the region of scattering is limited outside the cone, i.e., for θ 0 ≤ θ ≤ π θ 0 , defined as W. Our task, then, is to reduce the results (77) and (85) from the two-hyperboloidal of elliptic cross section geometry to the double-cone of circular cross section. This work requires a careful limiting process, since it is obvious that several indeterminacies appear as we analytically move from the ellipsoidal system to the spherical one, since h 1 = h 2 = h 3 = 0, meaning that all the semifocal distances of the ellipsoid recede to the origin. To this end, we use the limits 6 ρ ≡ E 
Consequently, our aim of investigating the stated application, in the low frequency limit, 13 has been accomplished. Indeed, the scattered electromagnetic fields, in terms of the corresponding harmonic potentials, have been evaluated for the two-sided and non-penetrable, also referred as perfectly electrically conducting, two-hyperboloid. As already mentioned above, the behavior of the strength of the scattered E s 2h from (69) and the total E t 2h from (64) with (57) electric field at the cross section x 2 = 0 is demonstrated within Figures 5 and 6 for the cases of both a two-hyperboloid (see Figures 5(a) and 6(a)) and the approximation of a double-cone (see Figures 5(b) and 6(b) ) of elliptic cross section. Similar behavior is expected for the magnetic field, due to the similarity of Equation (85) with (77), though it is not shown, since in electrostatics the measurable field is the electric one.
The goal of estimating the electric and magnetic fields near corners and edges has been achieved, where, here unlike in the previous application, for the case of a double-cone, either the scattered or the total electric field intensity is significantly diminished at the sharp edge, which is logical if we consider that the source of producing the primary fields is very far from the observed object, hence it redirects accordingly the electric field strength.
V. CONCLUSIONS
In this paper, we present a review of ellipsoidal harmonics and an extension of this theory to hyperboloids of one and two sheets. Then, we apply this extension to two boundary value problems of electrostatics. We consider the geometry of certain regions representing edges and corners, whereas either the fields become singular (first application) or vanish (second application), by an elliptic double cone, which stands for the asymptote of the corresponding hyperboloid of two distinct sheets. We then applied the technique in terms of the hyperboloidal harmonics. The electromagnetic fields are explicitly calculated in a purely analytical form for two fundamental cases, the charged metal two-hyperboloid and the metal two-hyperboloid subject to an electric and magnetic plane wave, both of elliptic cross section, where the results are followed by the proper computational elaboration.
In the case where only one of the two sheets of the two-hyperboloid is metallized and charged, the solution for the potential problem becomes more complicated due to the fact that the standard Lamé functions of integer order are excluded. Future elaboration under progress involves the introduction of the Lamé functions of non-integer order.
